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Abstract
It was shown that in robustly transitive, partially hyperbolic diffeo-
morphisms on three dimensional closed manifolds, the strong stable or
unstable foliation is minimal. In this article, we prove “almost all” leaves
of both stable and unstable foliations are dense in the whole manifold.
1 Introduction
In [1], the minimality of strong stable and unstable foliations in robustly tran-
sitive partially hyperbolic diffeomorphisms is studied. When investigating dy-
namics from the measure theoretic point of view, the minimality of stable and
unstable foliations often plays a crucial role, so the study is an interesting prob-
lem.
One of the results in [1] is the following: in the robustly transitive, par-
tially hyperbolic diffeomorphisms on three dimensional closed manifolds, the
strong stable or unstable foliation is minimal. Note that the minimality of both
stable and unstable foliation is still an open problem. Roughly speaking, this
asymmetry comes from the nature of center foliation.
In this article, applying the method in [1], we prove “almost all” leaves of
both stable and unstable foliations are dense in the whole manifold.
2 Notations and Definitions
Let M denote a smooth, compact, three-dimensional Riemannian manifold,
Diff1(M) be the space of C1 diffeomorphisms of M with C1 topology.
A diffeomorphism f : M →M is called transitive if there exists x ∈M such
that {fn(x) | n ≥ 0} is dense in M . Note that this condition is equivalent
to the following: if U and V are nonempty open sets in M , then there exists
n ≥ 0 such that U ∩ fn(V ) 6= ∅. With this equivalence, one can deduce that f
is transitive if and only if f−1 is .
A diffeomorphism f is called robustly transitive if there exists a neighborhood
U (⊂ Diff1(M)) of f such that for all g ∈ U , g is transitive. By the continuity
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of the map ( · )−1 : Diff1(M)→ Diff1(M), f is robustly transitive if and only if
f−1 is.
Let f be a diffeomorphism of M and Λ be an invariant subset of M . f is
called strongly partially hyperbolic on Λ if there exists a continuous invariant
splitting of tangent bundle TM |Λ = E
s ⊕Ec ⊕Eu and 0 < λ < 1 which satisfy
following conditions:
1. for all x ∈ Λ,
‖df |Es(x)‖ < λ and ‖df
−1|Eu(x)‖ < λ;
2. for all x ∈ Λ,
‖df |Es(x)‖‖df
−1|Ec(x)‖ < λ and ‖df |Ec(x)‖‖df
−1|Eu(x)‖ < λ.
In the sentences above, ‖ · ‖ denotes the operator norm.
We focus on robustly transitive, strongly partially hyperbolic (on M), but
not Anosov diffeomorphisms. One can perturb such diffeomorphisms having
hyperbolic periodic points with index 1 and 2 (where the index of hyperbolic
periodic point is the dimension of its stable manifold). This is a consequence of
the ergodic closing lemma of Man˜e´, see [5].
We denote by RP(M) the set of diffeomorphisms on M which is robustly
transitive, strongly partially hyperbolic, and has hyperbolic periodic points with
index 1 and 2. In Diff1(M), the set RP(M) is open. The example of Man˜e´ (see
[4]) shows RP(T 3) 6= ∅.
3 Statement of the main theorem
Let f ∈ RP(M). The uniform hyperbolicity of Es (resp. Eu) gives the strongly
stable foliation {Fs(x)} (resp. strongly unstable foliation {Fu(x)}). See [3] for
detail.
A foliation is called minimal if every leaf is dense in M . We are interested
in whether {Fs(x)} and {Fu(x)} are minimal or not. The following is the main
theorem in this paper.
Theorem. There exists an open dense subset Us0 (resp.U
u
0 ) of RP(M), such
that for all g ∈ Us0 (resp.U
u
0 ) there exists a residual subset O
s(g) (resp. Ou(g))
of M , satisfying the following property: if a point p is in Os(g) (resp. Ou(g))
then the leaf Fs(p) (resp. Fu(p)) is dense in M .
Then we have the following corollary:
Corollary. There exists an open dense subset U0 of RP(M), such that for all
g ∈ U0 there exists a residual subset O(g) satisfying the following property: if
p ∈ O(g) then the leaf Fs(p) and Fu(p) are dense in M .
One can get U0 as the intersection of Us0 and U
u
0 , and for g ∈ U0 the open
set O(g) is attained as the intersection of Os(g) and Ou(g).
In the next section, we prove only the statement about the stable foliation.
The proof of the unstable one can be given by applying our argument to f−1.
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4 Proof of the theorem
First let us recall the following two propositions in [1]:
Proposition 1 ([1], Theorem 2.1). Let f ∈ RP(M) and p (resp. q) be a hyper-
bolic periodic point of index 1 (resp. 2). Then the unstable manifold Wu(p)(resp.
stable manifold W s(q)) is dense in M .
Proposition 2 ([1], Theorem 2.6). Let f and p be as above and Vf be the
open neighborhood of f in which the continuation pg of p can be defined. Then,
there exists an open dense subset Wf of Vf such that for all g ∈ Wf the stable
manifold of W s(pg) is dense in M.
The proof of proposition 1 is easy, and that of proposition 2 needs the con-
necting lemma. Using these propositions, we will prove our theorem. First,
define Us0 as the set of f ∈ RP(M) satisfying following properties:
• f has a hyperbolic periodic point p with index 1,
• the stable manifold of p is dense in M .
By proposition 1 and 2, Us0 is an open dense subset of RP(M). We focus
on fixed f ∈ Us0 , p and W
s
loc
(p).
Next, let A0 be an open ball centered at p with radius r, where r is a
sufficiently small positive number satisfying:
x ∈ A0 =⇒ F
s(x) ∩Wuloc(p) 6= ∅.
We can take such r by the C1 continuity of the unstable foliation. Define An as
the open ball centered at p with radius
r
n
. These balls also satisfy the property
above with A0 replaced by An.
Now, put
Cn =
−∞⋃
k=0
fk(An).
This is an open subset of M .
Lemma. For all l ≥ 0, Cl is an open dense subset of M .
Proof. Let x ∈ M and O be any neighborhood of x. By the transitivity of f ,
there exists m ≤ 0 such that O ∩ fm(Al) 6= ∅, which means O ∩ Cl 6= ∅. Since
O can be arbitrary, x ∈ Cl, which implies M = Cl.
Put Os(f) = ∩∞k=0Ck. By Baire’s category theorem, O
s(f) is a residual
subset of M . The next claim is nothing but our theorem.
Claim. For every point x ∈ Os(f), Fs(x) is a dense subset of M .
3
Proof. Observe that if the leaf Fs(x) passes arbitrary close to p, then Fs(x) is
dense in M (this follows from the density of W s(p) = Fs(p) and the continuity
of {Fs(y)}).
Let x ∈ Os(f). We claim that, for all l ≥ 0,
Fs(x) ∩ (Wuloc(p) ∩Al) 6= ∅.
In fact,
x ∈ Os(f) ⇐⇒ ∀l ≥ 0, x ∈ Cl
⇐⇒ ∀l ≥ 0, ∃k ≤ 0, x ∈ fk(Al)
⇐⇒ ∀l ≥ 0, ∃k ≤ 0, f−k(x) ∈ Al
⇐⇒ ∀l ≥ 0, ∃k ≤ 0, Fs
(
f−k(x)
)
∩
(
Wuloc(p) ∩Al
)
6= ∅
=⇒ ∀l ≥ 0, Fs(x) ∩
(
Wuloc(p) ∩ Al
)
6= ∅.
Thus, we know if x ∈ Os(f) then Fs(x) passes arbitrary close to p. This proves
the claim, and the proof of the theorem is completed.
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